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Abstract
Given a binary quasigroup G of order n, a d-iterated quasigroup G[d] is the (d + 1)-ary
quasigroup equal to the d-times composition of G with itself. The Cayley table of every
d-ary quasigroup is a d-dimensional latin hypercube. Transversals and diagonals in multiary
quasigroups are defined so that to coincide with those in the corresponding latin hypercube.
We prove that if a group G of order n satisfies the Hall–Paige condition, then the number
of transversals in G[d] is equal to n!
|G′|nn−1
·n!d(1+o(1)) for large d, where G′ is the commutator
subgroup of G. For a general quasigroup G, we obtain similar estimations on the numbers
of transversals and near transversals in G[d] and develop a method for counting diagonals of
other types in iterated quasigroups.
Keywords: transversal, near transversal, latin hypercube, composition of quasigroups,
Hall–Paige conjecture
Introduction
A latin square of order n is the Cayley table of a binary quasigroup of order n, i.e., an n×n-table
filled by n symbols so that each line (row or column) contains all symbols. A transversal in a
latin square of order n is a set of n entries filled by all different symbols such that there is exactly
one entry from the set in each row and each column.
In terms of group theory, transversals in binary groups and quasigroups G correspond to
complete mappings: a bijection ϕ : G → G is called a complete mapping if the mapping x 7→
x ∗ ϕ(x) is bijective.
The most intriguing conjecture on transversals in latin squares belongs to Ryser [13], who
conjectured that every latin square of odd order has a transversal. Another celebrated conjecture
is attributed to Brualdi and states that every latin square has a near transversal. Here a near
transversal means a diagonal in a latin square that differs from a transversal in no more than
one symbol.
It occurs that both of these conjectures are true for groups. The following statement, known
as the Hall–Paige conjecture, describes all groups having transversals in their Cayley tables.
Theorem 1 (Hall–Paige conjecture). The Cayley table of a group G has a transversal if and
only if every Sylow 2-subgroup of G is trivial or non-cyclic.
The Hall–Paige conjecture firstly appeared in [9] and was open for a quite long time. By now
it is proved (modulo the classification of finite simple groups) in a series of papers of Wilcox [19],
Evans [6] and Bray (unpublished). Recently in preprint [5] there was given an alternative proof
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for the conjecture. Note that the Hall–Paige conjecture implies that the Cayley table of every
group of odd order has a transversal. Further, we will say that a group is a Hall–Paige group if
it satisfies the condition of the Hall–Paige conjecture.
Concerning the Brualdi’s conjecture, in preprint [8] it was proved that the Cayley table of
every group contains a transversal.
Alongside the existence of transversals, it is also interesting to know how many transversals
a latin square has. An asymptotic upper bound on the number of transversals was proved in [14]
and in [7] by another technique. In [4], Eberhard, Manners, and Mrazovic´ found the asymptotics
of the number of transversals in the Cayley table of a cyclic group Zn of odd order n. Recently
they submitted a preprint [5] with a similar result for all groups.
Theorem 2 ([5]). Let G be a Hall–Paige group of order n and G′ be the commutator subgroup
in G. Then the number of transversals in the Cayley table of G is
n!
|G′|nn−1
· n!(e−1/2 + o(1)).
While studying latin squares and their transversals, we can increase not only their order but
a dimension. Let a d-dimensional latin hypercube of order n be a d-dimensional array of the
same order filled by n symbols so that in each line all symbols are different. Latin hypercubes
can be considered as the Cayley tables of d-ary quasigroups of order n. A transversal in a
latin hypercube of order n is a collection of n entries hitting each hyperplane exactly once and
containing all n different symbols of the hypercube.
Wanless [18] generalized the Ryser’s conjecture on latin hypercubes and proposed that every
latin hypercube of odd dimension or odd order has a transversal. As far as we know, there is no
evidence against the generalization of the Brualdi’s conjecture on latin hypercubes. Since this
generalization has not been posted anywhere, we place it here.
Conjecture 1. Every latin hypercube has a near transversal.
In the present paper we focus on a special class of latin hypercubes corresponding to d-iterated
quasigroups, which were introduced and studied in paper [17] of the present author.
Given a binary quasigroup G of order n with the operation ∗, define the d-iterated quasigroup
G[d] to be the (d+ 1)-ary quasigroup of order n such that
G[d](x1, . . . , xd+1) = x0 ⇔ (. . . ((x1 ∗ x2) ∗ x3) ∗ . . . ∗ xd) ∗ xd+1 = x0.
There were the following results on transversals in iterated groups and quasigroups of small
order before. The numbers of transversals in both d-iterated groups of order 4 were calculated
in [16], and the numbers of transversals in d-dimensional latin hypercubes of orders 2 and 3 were
found in [15]. Moreover, in [15] it was proved that for all even d every d-iterated quasigroup
has a transversal. One of the main results of [17] states that for every binary quasigroup G of
order n there is some constant c = c(G) such that the number of transversals in the d-iterated
quasigroup G[d] (if it is nonzero) asymptotically equals cn!d(1 + o(1)).
The present paper significantly refines the technique and results of [17] and gives the exact
asymptotic of the number of transversals in d-iterated groups.
Theorem 3. Let G be a group of order n and G′ be the commutator subgroup of G. Then the
following hold.
• If G satisfies the Hall–Paige condition, then every d-iterated group G[d] has a transversal.
• If G does not satisfy the Hall–Paige condition, then G[d] has transversal for all even d and
does not have transversals for all odd d.
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If the number T (d) of transversals in G[d] is nonzero, then
T (d) =
n!
|G′|nn−1
· n!d(1 + o(1))
as d→∞.
It is interesting to note that Theorems 2 and 3 give the similar asymptotics of the number of
transversals, so we believe that Theorem 2 admits a natural extension to the case of d-iterated
groups of large order.
For a general quasigroup we prove a similar result.
Theorem 4. Let G be a binary quasigroup of order n. There is d0 ∈ N such that for all d ≥ d0
one of the following possibilties for transversals in iterated quasigroups G[d] occurs:
• every iterated quasigroup G[d] has a transversal;
• G[d] has no transversals when d is odd and contains transversals when d is even.
There is integer r = r(G), 1 ≤ r ≤ n, such that if the number T (d) of transversals in G[d] is
nonzero,then
T (d) =
n!
rnn−1
· n!d(1 + o(1))
as d→∞. Moreover, if G is a loop then r ≤ |G′|, where G′ is the commutator subloop of G.
Theorems 3 and 4 imply that iterated abelian groups have the asymptotically maximal number
of transversals among all iterated quasigroups, that answers a question from [17].
The method developed in this paper allows us to count not only transversals but other types
of diagonals and structures in iterated quasigroups. For instance, we prove the following result
for near transversals, confirming Conjecture 1.
Theorem 5. Let G be a binary quasigroup of order n.
1. There is d0 ∈ N such that for all d ≥ d0 the d-iterated quasigroup G has a near transversal.
Moreover, if the Brualdi’s conjecture is true then all d-iterated quasigroups G have a near
transversal.
2. There is integer r = r(G), 1 ≤ r ≤ n, such that the number N(d) of near transversals in
G[d] is
N(d) = c(G, d)
n!
rnn−1
· n!d(1 + o(1))
as d→∞, where c(G, d) = n
2
(r−1)+1 when G[d] has a transversal, c(G, d) = n
2
r otherwise.
If G is a group, then r = |G′|.
1 Main definitions and preliminaries
In what follows, In stands for the set {1, . . . , n} and I
k
n is used for the set of all k-tuples with
entries from In.
An n-tuple W ∈ Inn with different entries in all positions is said to be a permutation. Let W
denote the set of all permutations and W be the permutation (1, . . . , n). Let us denote by a the
n-tuple from Inn , whose all entries equal a. Given a tuple V ∈ I
n
n , we use Vi(b) for denoting a
tuple from Inn that coincides with a tuple V in all positions except, probably, the i-th position,
in which Vi(b) equals b.
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A binary quasigroup G of order n is defined by a binary operation ∗ over a set In satisfying
the following condition: for each a0, a1, a2 ∈ In there exist unique x1, x2 ∈ In such that both
a0 = a1 ∗ x2 and a0 = x1 ∗ a2 hold. A d-ary quasigroup f of order n is a function f : I
d
n → In
such that the equation x0 = f(x1, . . . , xn) has a unique solution for any one variable if all the
other n variables are specified arbitrarily.
A composition of a d-ary quasigroup f and a k-ary quasigroup g of orders n is the (d+k−1)-ary
quasigroup h such that for some permutation σ ∈ Sd+k it holds
h(x1, . . . , xd+k−1) = xd+k ⇔ g(xσ(1), . . . , xσ(k)) = f(xσ(k+1), . . . , xσ(d+k)).
For our purposes, it will be convenient to use a composition of quasigroups with a prescribed
σ ∈ Sn. We define a fore composition f ◦ g of a d-ary quasigroup f and a k-ary quasigroup g of
orders n to be the (d+ k − 1)-ary quasigroup h such that
h(x1, . . . , xd+k−1) = xd+k ⇔ f(g(x1, . . . , xk), xk+1, . . . , xd+k−1) = xd+k.
Given a binary quasigroup G of order n, the d-iterated quasigroup G[d] is the (d + 1)-ary
quasigroup of order n obtained as a fore composition of d copies of the quasigroup G with itself.
In other words, if ∗ is the quasigroup operation of G, then
G[d](x1, . . . , xd+1) = xd+2 ⇔ (. . . ((x1 ∗ x2) ∗ x3) ∗ . . . ∗ xd) ∗ xd+1 = xd+2.
In particular, the 0-iterated quasigroup G[0] is the identity 1-ary mapping (G[0](x) = x for
all x), and the 1-iterated quasigroup G[1] coincides with the binary quasigroup G.
A d-dimensional latin hypercube Q of order n is the Cayley table of a d-ary quasigroup of
the same order. Equivalently, a d-dimensional latin hypercube of order n is an array indexed
by elements from Idn, whose entries are assigned values from the set In so that in each line (1-
dimensional plane) of the array all n symbols occur. In what follows, we often identify a d-ary
quasigroup and the corresponding d-dimensional latin hypercube.
Every d-ary quasigroup f = f(x1, . . . , xd) of order n can be considered as imaging of the first
coordinate x1 by the action of all other coordinates x2, . . . , xd. Similarly, for any k-tuple U from
Ikn we can find an image V of the tuple U in the d-ary quasigroup f by the action of k-tuples
W1, . . . ,Wd−1 ∈ I
k
n from the relation f(U,W1, . . . ,Wd−1) = V satisfied entrywise. With the help
of this approach, we broaden the set of transversals and diagonals in latin hypercubes.
Given a d-ary quasigroup f , define an U-diagonal of type V to be a collection of permutations
(W1, . . . ,Wd−1), Wi ∈ W, for which the equality f(U,W1, . . . ,Wd−1) = V holds entrywise. We
define a transveral in a quasigroup f to be an arbitrary W-diagonal of type W , with W being a
permutation, W ∈ W.
In the definition of U -diagonals of type V , we require that the middle tuples W1, . . . ,Wd−1
are permutations only because in this paper we are interested in transversals and diagonals. To
study other structures in latin hypercubes, one can take the tuples W1, . . . ,Wd−1 from any other
appropriate class.
Given a d-ary quasigroup f of order n, define the transition matrix T to be the matrix of
order nn with entries tU,V , U, V ∈ I
n
n , equal to the number of U -diagonals of type V in the
quasigroup f . Note that for every d-ary quasigroup of order n, the transition matrix T is an
integer nonnegative matrix with row and column sums equal to n!d−1.
For illustration the concepts of U -diagonals of types V , let us consider the following simple
example.
Example 1. Let G be a binary quasigroup of order 2 with the Cayley table
∗ 1 2
1 1 2
2 2 1
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The set I22 consists of the following four tuples:
(1, 1), (1, 2), (2, 1), (2, 2),
with two of them being permutations: (1,2), (2,1). The transition matrix T of the quasigroup
G is the following matrix of order 4 (text alignment indicates which permutation is used for a
diagonal)
(1, 1) (1, 2) (2, 1) (2, 2)
(1, 1) 0 1 1 0
(1, 2) 1 0 0 1
(2, 1) 1 0 0 1
(2, 2) 0 1 1 0
Let us state the following key property of transition matrices in the fore composition of
quasigroups.
Lemma 1. Let T and R be the transition matrices of quasigroups f and g of the same order.
Then the transition matrix S of the fore composition f ◦ g is the matrix RT .
Proof. Assume that f is a d-ary quasigroup and g is a k-ary quasigroup of order n. The definition
of the fore composition implies that a collection of permutations (W1, . . . ,Wk−1,W
′
1, . . . ,W
′
d−1)
is a U -diagonal of type V in the composition f ◦ g if and only if for some tuple Z ∈ Inn the
collection (W1, . . . ,Wk−1) is an U -diagonal of type Z in the quasigroup g and (W
′
1, . . . ,W
′
d−1)
is a Z-diagonal of type V in f . So the number sU,V of all U -diagonals of type V in the fore
composition f ◦ g is equal to
∑
Z∈In
n
rU,Z · tZ,V .
As an immediate corollary of Lemma 1, we can find the transition matrix of a d-iterated
quasigroup.
Lemma 2. Given a binary quasigroup G with the transition matrix T , the transition matrix of
the d-iterated quasigroup G[d] is T d. In particular, if there is an U-diagonal of type Z in G[d]
and a Z-diagonal of type V in G[k] then there is an U-diagonal of type V in G[d+ k].
Summing up, we see that the problem on the asymptotic of U -diagonal of type V in iterated
quasigroups G[d] is equivalent to the question on the asymptotic behavior of the powers of the
transition matrices T defined by a binary quasigroup G. In the next sections we thoroughly
study this question.
1.1 Perron–Frobenius theory, equivalence classes and units
To study the behavior of powers of transition matrix T , we use some results of the Perron–
Frobenius theory, which we recall in this section.
A matrix A = (ai,j) is said to be nonnegative if all ai,j ≥ 0. A nonnegative matrix is called
doubly stochastic if the sum of entries of A in each row and column equals 1. Let Jn denotes the
doubly stochastic matrix of order n, whose all entries equal 1/n.
A nonnegative matrix A is called irreducible if for each pair of indices (i, j) there is l ∈ N
such that (i, j)-th entry of Al is positive. A period of an irreducible matrix can be defined as the
greatest common divisor of all l for which (i, i)-th entries of Al are positive.
The following property can be found in [11] or it can be easily derived from definitions.
Theorem 6 ([11]). For every doubly stochastic matrix A there is a permutation matrix P such
that
PAP−1 =


B1 0
. . .
0 Bk

 ,
where Bi are some irreducible doubly stochastic matrices.
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Combining this theorem with wildly known results of the Perron–Frobenius theory, we have
the following asymptotic for the powers of doubly stochastic matrices.
Theorem 7. Let A be an irreducible doubly stochastic matrix of order n and period τ . After
appropriate simultaneous permutations of rows and columns, we have the following limits for
powers of A:
lim
k→∞
Akτ =


Jn/τ 0
. . .
0 Jn/τ

 ; lim
k→∞
Akτ+1 =


0 Jn/τ 0
...
. . .
0 0 Jn/τ
Jn/τ 0 · · · 0

 ; · · ·
lim
k→∞
Akτ−1 =


0 · · · 0 Jn/τ
Jn/τ 0 0
. . .
...
0 Jn/τ 0

 .
As it was noted before, for a given binary quasigroup G of order n with the transition matrix
T , the matrix n!−1T is a doubly stochastic matrix of order nn. By Theorem 6, there is a
permutation P for which
PTP−1 =


B1 0
. . .
0 Bm

 ,
where Bi are some irreducible doubly stochastic matrices. In what follows, we assume everywhere
that the transition matrix T has the above block-diagonal form.
For a given binary quasigroup G, we divide the set of all n-tuples Inn into m = m(G) equiv-
alence classes U1, . . . ,Um such that the blocks Bi of the transition matrix T correspond to the
tuples from a class Ui. Let the period τi of the equivalence class Ui be the period of the irreducible
block Bi.
By Theorem 7, for a binary quasigroup G each equivalence class Ui splits into τi subsets
Y i1, . . . ,Y
i
τi
of equal sizes having the following property: for tuples U ∈ Y ik, V ∈ Y
i
l there is an
U -diagonal of type V in the d-iterated quasigroup G[d] only if l−k ≡ d mod τi. Let us call such
subsets Y i1, . . . ,Y
i
τi
in the equivalence class Ui by units.
For instance, for the binary quasigroup G of order 2 from Example 1, the set of all tuples I22
composes the single equivalence class U1, which consists of two units:
Y11 = {(1, 2), (2, 1)}, Y
1
2 = {(1, 1), (2, 2)}.
2 Diagonals in iterated quasigroups
Theorem 7 means that the question on the asymptotic behavior of the number of U -diagonals
of type V in a d-iterated quasigroup G[d] is reduced to the study organization and sizes of
equivalence classes and units produced by the transition matrix T . In the present section, we
carry out this research.
To distinguish equivalence classes and their units, we use n-tuples ai(b), whose all entries
equal a except the i-th position, which is equal to b.
We start this section with the fact stating that every equivalence class contains tuples ai(b).
Proposition 1. Let G be a binary quasigroup of order n. Then for each n-tuple V ∈ Inn and
a, i ∈ In there is b ∈ In and k ∈ N such that there exists a V -diagonal of type ai(b) in G[2k].
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Proof. The proof is by induction on the number of positions in which tuple V is distinct from
tuples ai(b), b ∈ In. The base of induction is V = ai(b) for some b ∈ In. In this case the statement
is trivially true because there is a V -diagonal of type ai(b) in the 0-iterated quasigroup G[0].
Assume that the tuple V is different from all tuple ai(b) in at least k positions, k ≥ 1. Without
loss of generality, suppose that i equals n, the tuple V = (a, . . . , a, vn−k, . . . , vn) equals a in first
n− k − 1 positions and it is different from a in positions n− k, . . . , n.
Consider permutations W,W ′ ∈ W, W = (w1, . . . , wn), W
′ = (w′1, . . . , w
′
n), such that the
following equalities hold
(a ∗ w1) ∗ w
′
1 = a;
...
(a ∗ wn−k−1) ∗ w
′
n−k−1 = a;
(vn−k ∗ wn−k) ∗ w
′
n−k = a.
In other words, we demand that (V ∗ W ) ∗ W ′ = V ′ for some n-tuple V ′, whose first n − k
positions equals a.
Let us show that such permutations W and W ′ exist. Firstly, we chose their entries wn−k
and w′n−k so that the equality (vn−k ∗ wn−k) ∗ w
′
n−k = a holds. Note that for every a ∈ In there
are exactly n different pairs (w,w′) satisfying the equality (a ∗ w) ∗ w′ = a. The choice of wn−k
and w′n−k spoils no more than 2 of these pairs, so we are able to find n − k − 1 different pairs
(w1, w
′
1), . . . (wn−k−1, w
′
n−k−1) for the first components of permutations W and W
′. All other
components of permutations W and W ′ are arbitrary.
Thus we have found a tuple V ′ different from tuples ai(b) in at most k − 1 components and
for which there is a V -diagonal of type V ′ in G[2]. By the assumption of induction, there is a
V ′-diagonal of type ai(b) in G[2k − 2]. Therefore, by Lemma 2, there is a V -diagonal of type
ai(b) in G[2k].
In order to estimate the sizes and numbers of equivalence classes and their units, we also need
the following proposition.
Proposition 2. Let G be a binary quasigroup of order n. Then for given a, j ∈ In every unit
contains at least one of the tuples aj(b), b ∈ In. Moreover, for a given equivalence class Ui, each
unit Y ik from this class contains the same number of tuples aj(b).
Proof. By Proposition 1, for given a, j ∈ In each equivalence class Ui contains at least one of the
tuples aj(b), b ∈ In.
Let Y i1, . . . ,Y
i
τi
be the units in an equivalence class Ui. Note that one can always find a pair
of permutations W,W ′ ∈ W such that (ai(b)∗W )∗W
′ = ai(b
′) for some b′ ∈ In. It means that if
some unit Y ik contains ai(b), then the unit Y
i
l with l ≡ k + 2 mod τi contains some tuple aj(b
′).
From this and Proposition 1 we deduce that all units within an equivalence class Ui contain
tuples of the form ai(b), b ∈ In.
Assume that aj(b1), . . . , aj(bl) are all tuples of such a form in a unit Y
i
k. By the definition of
units, for some tuple aj(c1) from other unit Y
i
k′ and for some d ∈ N there is an aj(b1)-diagonal
of type aj(c1) in G[d] corresponding to a collection of permutations permutations (W1, . . . ,Wd).
Note the same collection of permutation gives the aj(bs)-diagonals of type aj(cs) in G[d], s =
1, . . . , l, with all c1, . . . , cl being distinct. So each unit Y
i
k′ in the class Ui contains the same
number of tuples of the form aj(b), b ∈ In, as the unit Y
i
k.
As a trivial corollary of Proposition 2, we see that the number of all units over all equivalence
classes is not greater than the order n of a quasigroup G.
Recall that for a given n-tuple V we use Vi(b) for denoting the n-tuple that coincides with V
at all positions and equals b in the i-th position. Let us denote by V ∗i the set {Vi(1), . . . , Vi(n)}.
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Proposition 3. Let G be a binary quasigroup of order n and Y i1, . . . ,Y
i
τi
be the units in an
equivalence class Ui. Then for each V ∈ I
n
n and j ∈ In each unit Y
i
k contains the same number
ri of tuples from the set V
∗
j .
Proof. Proposition 1 and the definition of units imply that each unit Y ik in an equivalence class
Ui contains at least one tuple from the set V
∗
j . Acting similar to the proof of Proposition 2, we
see that the number of tuples from V ∗j in Y
i
k coincides with the number of canonical tuples aj(b)
in this unit. Recall that, by Theorem 7, each unit within an equivalence class Ui has the same
size, so units Y ik contain the same number ri of tuples from V
∗
j .
Note that Proposition 3 is equivalent to the following fact: for all tuples U, V ∈ Inn and
i ∈ In, every d-iterated quasigroup G[d] with large enough d has an U -diagonal of type Vi(a) for
an appropriate a ∈ In. As a simple corollary of Proposition 3, we have the following estimation
on the sizes of units.
Corollary 1. Let G be a binary quasigroup of order n. There exist integers ri, 1 ≤ ri ≤ n such
that each unit in an equivalence class Ui has cardinality rin
n−1.
Using similar ideas, let us prove that units and equivalence classes are closed under permu-
tations of positions.
Proposition 4. Given a binary quasigroup G of order n, if a tuple V ∈ Inn belongs to a unit Y of
an equivalence class U , then every tuple Vpi, whose coordinates are permuted by pi ∈ Sn, belongs
to the unit Y.
Proof. It is sufficient to show that there exists a set of tuples S ⊂ Y such that for all U ∈ S and
permutations pi ∈ Sn the tuple Upi belongs to S. Indeed, for every tuple V ∈ Y , we can find a
tuple U ∈ S such that there exists an U -diagonal of type V in some G[d] given by a collection of
permutations (W1, . . . ,Wd). Applying pi ∈ Sn to coordinates of tuples U , V , andWi, i = 1, . . . , d,
we obtain a Upi-diagonal of type Vpi in G[d]. Since Upi belongs to Y , the tuple Vpi is also from the
unit Y .
Let us find a required subset S. By Proposition 2, every unit Y has a tuple of a form aj(b) for
any a, j ∈ In and certain b ∈ In. Let l be the number of tuples of the form aj(b) in Y for given
a, j ∈ In. By the definitions of units, there are collections of permutations Di = (W
i
1, . . . ,W
i
d)
corresponding a1(bi)-diagonals of types a2(ci). Here a1(bi) and a2(ci) are all tuples of such a
form in the unit Y , i = 1, . . . , l. For every k ∈ In, k 6= 1, there is a permutation of coordinates
pik ∈ Sn such that the collections pik(Di) correspond to a1(bi)-diagonals of types ak(ci).
Since all ci are different, the sets {ak(c1), . . . , ak(cl)} consist of all tuples of the form ak(b).
Using the similar reasoning for other coordinates of tuples, we conclude that S = {ai(cj)}, i ∈ In,
j = 1, . . . , l is the set of all tuples of such a form in the unit Y . It is easy to see that S is closed
under permutations of coordinates.
A direct corollary of Proposition 4 is that all permutations W are contained in a single unit
of some equivalence class. Without loss of generality, let U1 be the equivalence class including
the set W.
Since we are interested in transversals andW-diagonals of other types in iterated quasigroups,
we pay special attention to the class U1. Most significantly, the class U1 has several remarkable
properties that we do not succeed to establish for other equivalence classes. One of these prop-
erties is the following.
Lemma 3. Let G be a binary quasigroup of order n. Then the period τ1 of the class U1 is
not greater than 2. Moreover, all permutations W ∈ W and tuples a, a ∈ In, belong to the
equivalence class U1.
8
Proof. Since G is a quasigroup, for every permutationW ∈ W and a ∈ In there are permutations
W ′,W ′′ ∈ W such that W ∗W ′ = a and a ∗ W ′′ = W . In other words, the quasigroup G[1]
contains W -diagonals of type a and a-diagonals of type W . Therefore, a and W belong to the
same equivalence class and the period of this class is equal to 1 or 2.
For the equivalence class U1 we can refine the general estimation on the size from Corollary 1
with the help of the following quasigroup invariant.
Given a binary quasigroup G, define P k(G) to be the set of all elements of G that allow
a factorization containing every element of G precisely k times, with the order of quasigroup
operations in the factorization being arbitrary. For shortness, let P (G) = P 1(G).
By the definition, for all k ∈ N it holds P k(G) ⊂ P k+1(G). Define the set P∞(G) =
∞⋃
i=1
P i(G).
It is easy to check that the set P∞(G) is a subquasigroup in the quasigroup G.
For a tuple V ∈ Inn , V = (v1, . . . , vk), vi ∈ G we also define Π(V ) as
Π(V ) = (· · · (v1 ∗ v2) ∗ · · · ∗ vk−1) ∗ vk.
From the definitions of sets P∞(G) and Π(V ), we have the following property.
Proposition 5. Let G be a quasigroup of order n. Then for every tuple V ∈ U1 it holds Π(V ) ∈
P∞(G).
Proof. It is sufficient to note that for every V ∈ U1 there is a collection of permutations
(W0, . . . ,Wd) such that V = (· · · (W0 ∗W1) ∗ · · · ∗Wd−1) ∗Wd.
From this statement, we have the following bound on the size of U1.
Corollary 2. Given a binary quasigroup G of order n, the cardinality of the equivalence class
U1 is pn
n−1, where 1 ≤ p ≤ |P∞(G)|.
Proof. By Proposition 3 and Corollary 1, the size of the equivalence class U1 is equal to pn
n−1,
where p is the number of tuples from the sets V ∗j in the class U1. For a given V ∈ I
n
n there are
exactly |P∞(G)| tuples U ∈ V ∗j with Π(U) ∈ P
∞(G). By Proposition 5, for every U ∈ U1 we
have Π(U) ∈ P∞(G), therefore the constant p is not greater than |P∞(G)|.
Summarizing obtained results, we prove the main result of the present section that describes
diagonals in a general iterated quasigroup.
Theorem 8. Let G be a binary quasigroup of order n, U, V ∈ Inn , and U1, . . . ,Um be the corre-
sponding partition of Inn into equivalence classes of periods τ1, . . . , τm respectively. Suppose that
all units of a class Ui have sizes rin
n−1, 1 ≤ ri ≤ n. Then the following hold:
• If tuples U and V belong to different equivalence classes, then for all d ∈ N there are no
U-diagonals of types V in the d-iterated quasigroup G[d].
• If both U and V belong to the same equivalence class Ui, then there is some 0 ≤ k ≤ τi − 1
such that for all d greater than some d0 ∈ N the number TU,V (d) of U-diagonals of type V
in the d-iterated quasigroup G[d] is
TU,V (d) =
n!d
rinn−1
· (1 + o(1))
if d ≡ k mod τn and TU,V (d) = 0 otherwise.
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Proof. Theorems 6 and 7 give the partition on equivalence classes and their units. By Theorem 6,
there are no U -diagonals of types V in G[d] if U and V are from different equivalence classes,
and, by Theorem 7, there are no such diagonals G[d] if d is not comparable with the difference
between indices of the corresponding units. Otherwise, Theorem 7 states that for large d the
number of U -diagonals of types V in G[d] is close to 1
Mi
n!d, where Mi is the size of units in the
equivalence class Ui, U, V ∈ Ui. The sizes of units were estimated in Corollary 1.
Lemma 3 and Corollary 2 allow us to slightly improve this theorem for transversals and
diagonals of other types and will be used in the proofs of the main results of the paper.
We conclude this section with several conjectures on units and equivalence classes that can
refine Theorem 8. In the next sections, we show that these conjectures are true for groups.
Conjecture 2. Let G be a binary quasigroup of order n. Then each equivalence class Ui consists
of the same number of units. Moreover, all units Y ik have the same size.
Conjecture 3. For every binary quasigroup G of order n, the equivalence class U1 is a subquasi-
group in Gn.
Conjecture 4. Let G be a binary quasigroup of order n. Then there is a partition of G into
subsets P ik such that a tuple V belongs to a unit Y
i
k if and only if Π(V ) ∈ P
i
k.
2.1 Diagonals in iterated loops and other special quasigroups
In this section, we consider how additional conditions on a quasigroup G effect on equivalence
classes and their units. We start with quasigroups having the right inverse-property.
A quasigroup (G, ∗) is said to have the right inverse-property if there is some permutation
pi of the set G such that (g ∗ h) ∗ pi(h) = g for all g, h ∈ G. The right-inverse property (and a
complementary left-inverse property) was introduced in book [1]. If a quasigroup G has the left
and right inverse-properties, then G is said to be a quasigroup with the inverse property or an
IP-quasigroup. For more information on inverse properties of quasigroups see [10].
Proposition 6. Let G be a binary quasigroup with the right-inverse property. Then each equiv-
alence class Ui has period 1 or 2.
Proof. By Proposition 2, each equivalence class Ui of G contains tuples of the form aj(b). Since
G has the right inverse-property, for every permutation W ∈ W there is a permutation W ′ ∈ W
such that (aj(b) ∗W ) ∗W
′ = aj(b). Thus the period of the tuple aj(b) from Ui is not greater
than 2.
Let us consider the case of loops. Recall that a quasigroup G is said to be a loop if there is
the identity element e ∈ G such that for each g ∈ G it holds e ∗ g = g ∗ e = g.
Given a loop G, a normal subloop of G is defined in the same way as for a general algebraic
system. Let the commutator subloop G′ of a loop G be the smallest normal subloop of G such
that G/G′ is an abelian group.
In [12] it was proved a number of properties of sets P k(G) and P∞(G), when G is a loop.
For example, the set P∞(G) is a subloop of G and for every k ∈ N the set P k(G) is contained
in a single coset of G′. Moreover, if P∞(G) is a normal subloop, then P∞(G) = G′ or P∞(G) =
G′ ∪ gG′, where g ∗ g ∈ G′.
These results give the following improvement on the sizes of units in the equivalence class U1.
Proposition 7. If G is a loop of order n, then the size of units in the equivalence class U1 is
equal to rnn−1 for some integer r, 1 ≤ r ≤ |G′|.
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Proof. By the definitions, there is some k ∈ N such that for every tuple V from a unit Y of
the class U1 it holds Π(V ) ∈ P
k(G). Since P k(G) is contained in a single coset of G′, we have
|P k(G)| ≤ |G′|. Acting similar to the proof of Corollary 2, we obtain the required statement.
It is possible that for a general quasigroup G the structure and sizes of equivalence classes
and units are mostly controlled not by the algebraic properties of G but by the block structures
of its Cayley table. To illustrate this, consider the following example.
Example 2. Let (G, ∗) be a binary quasigroup of order n = 2k with the Cayley table of the
form
A′ B′
B′′ A′′
where A′, A′′ are arbitrary latin squares of order k with under symbol set S1 = {1, . . . , k} and
B′, B′′ are latin squares under the symbol set S2 = {k + 1, . . . , 2k}. By the definitions, every
permutation W ∈ W contains the same number of entries from S1 and S2. Moreover, for all
a, b ∈ In we have a ∗ b ∈ S2 if a and b belong to different sets, and a ∗ b ∈ S1 otherwise.
We say that a tuple V ∈ Inn is even if V contains the even number of symbols from each of
the sets S1 and S2, and that V is odd otherwise. It is easy to check that if k is even (n ≡ 0
mod 4), then for every permutation W ∈ W the tuple V ∗W has same parity as V , and if k is
odd (n ≡ 2 mod 4), then V ∗W has the different parity.
Therefore, for n ≡ 0 mod 4 the quasigroup G has at least two different equivalence classes
(composed of odd or even tuples), and for n ≡ 2 mod 4 each (possibly unique) equivalence class
of G contains at least two units.
2.2 Diagonals in iterated groups
Thanks to the association property, for a given group G we can completely describe the structure
of the corresponding equivalence classes and their units. In particular, we will see that the variety
of diagonals in an iterated group depends on the fulfillment of the Hall–Paige condition. We also
refine the statement of Theorem 8 for groups and prove that for large d the number of diagonals
in d-iterated groups G[d] is connected with the size of the commutator G′.
We say that G is a Hall–Paige group if all its Sylow 2-subgroups are trivial or non-cyclic (G
satisfies the condition of Theorem 1). Also recall that P (G) denotes the set of products of all
elements of G: P (G) = {Π(W )|W ∈ W}.
Given a group G, the commutator subgroup G′ is the smallest normal subgroup of G such that
G/G′ is an abelian group. Equivalently, G′ is a subgroup generated by commutators ghg−1h−1,
g, h ∈ G. The group H = G/G′ is known as an abelization of G. Since G′ is a normal subgroup,
the group G is partitioned into cosets hG′, h ∈ H .
The following result of Dene´s and Hermann [2] connects the commutator subgroup G′ with
the set P (G).
Theorem 9 ([2]). Let G be a group. Then either P (G) = G′ or P (G) = gG′, where g is the
unique element of G of order 2.
For our purposes, we need several approaches to the definition of Hall–Paige groups. Some
old and new conditions, which are equivalent to the Paige–Hall condition, are presented in the
following table.
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G is a Hall–Paige group G is a non-Hall–Paige group
(1) all Sylow 2-subgroups of G there exists a nontrivial
are trivial or non-cyclic cyclic Sylow 2-subgroup in G
(2) the Cayley table of G the Cayley table of G
has a transversal has no transversals
(3) P (G) = G′ P (G) = gG′
for some g of order 2
(4) all d-iterated groups G[d] d-iterated groups G[d] have
have transversals transversals only if d is even
Theorem 10. Conditions (1)–(4) are equivalent. Every condition can be taken as the definition
of a Hall–Paige group (a non-Hall–Paige group).
Proof. (1) ⇔ (2): It is the Hall–Paige conjecture (proved in [19] and [6]).
(3): This alternative is Theorem 9, proved in [2].
(1) ⇔ (3): By [3], the Hall–Paige condition (1) is equivalent to condition e ∈ P (G). It is
possible only when P (G) = G′.
(4), (3) ⇔ (4): It will be proved in Theorem 3.
In order to describe equivalence classes and units for iterated groups, we also need the fol-
lowing refinement of Proposition 1, controlling the resulting tuples.
Proposition 8. Let G be a group of order n and let e be the identity element of G. Then for each
tuple V ∈ Inn , V = (v1, . . . , vn), there is l ∈ N such that there is a V -diagonal of type e1(Π(V ))
in the iterated group G[2l].
Proof. Suppose that the last n−k positions of V are equal to e and the last element of V distinct
from e is located in the k-th position. The prove goes by the induction on k. For the base of
induction (k = 0 and k = 1) the statement is true with l = 0.
Assume that k ≥ 2. Consider permutationsW,W ′ ∈ W,W = (w1, . . . , wn),W
′ = (w′1, . . . , w
′
n),
for which the following equalities hold
v1 ∗ w1 ∗ w
′
1 = v1;
...
vk−2 ∗ wk−2 ∗ w
′
k−2 = vk−2;
vk−1 ∗ wk−1 ∗ w
′
k−1 = vk−1 ∗ vk;
vk ∗ wk ∗ w
′
k = e;
e ∗ wk+1 ∗ w
′
k+1 = e;
...
e ∗ wn ∗ w
′
n = e.
These equalities mean that V ∗W ∗W ′ = V ′ for some tuple V ′, whose first k − 2 positions are
the same as in tuple V , Π(V ′) = Π(V ) and V ′ has n− k + 1 last elements equal e.
Let us show that the required permutations W and W ′ exist. Let g be an arbitrary element
of G. Put
wk = g; w
′
k = g
−1 ∗ v−1k ; wk−1 = vk ∗ g; w
′
k−1 = g
−1.
Note that the condition vk 6= e implies that wk−1 6= wk and w
′
k−1 6= w
′
k. It is easy to see that
(k − 1)-th and k-th above equalities are satisfied by these choices.
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Let the other n − 2 pairs of elements (w1, w
′
1), . . . , (wk−2, w
′
k−2), (wk+1, w
′
k+1), . . . , (wn, w
′
n)
be the all pairs (w,w−1) of mutually inverse elements of the group G, except for the pairs (g, g−1)
and (vk ∗ g, g
−1 ∗ v−1k ), whose elements have been already used in W and W
′.
Thus there is a V -diagonal of type V ′ in the iterated group G[2]. By the inductive assumption,
there exists a V ′-diagonal of type e1(Π(V
′)) in the iterated group G[2l − 2] for some l. Since
Π(V ′) = Π(V ), Lemma 2 implies that there is a V -diagonal of type e1(Π(V )) in G[2l].
Next we prove the following lemma, confirming Conjecture 3 for groups.
Lemma 4. Let G be a group of order n. Then the equivalence class U1 is a subgroup in the n-th
Cartesian power Gn. Moreover, each equivalence class Ui, i = 1, . . . , m, is a right coset of U1 in
Gn.
Proof. By Lemma 3, the identity element e of the group Gn belongs to the class U1. By the defi-
nitions, every tuple V ∈ U1 is a product of some permutations W ∈ W. Thanks to associativity,
if tuples U and V belong to U1, then U ∗ V ∈ U1. At last, for every V ∈ U1, V = W1 ∗ · · · ∗Wk
its inverse V −1 = W−1k ∗ · · · ∗W
−1
1 also belongs to the class U1. Thus U1 is a subgroup in G
n.
By the definition of equivalence classes, each Ui consists of tuples constructed by the means
of consecutive right multiplications of some tuple on permutations fromW. Due to associativity
of the multiplication in the group Gn, it means that the class Ui is a right coset of U1.
Corollary 3. If G is a group, then each equivalence class Ui has the same size.
Now we are ready to describe the structure of the equivalence class U1 for iterated groups.
Lemma 5. Let G be a group of order n and G′ be the commutator subgroup of G.
1. Assume that G is a Hall–Paige group. Then the equivalence class U1 consists of a single
unit. A tuple V belongs to U1 if and only if Π(V ) ∈ G
′. In particular, |U1| = |G
′|nn−1
2. Assume that G is a non-Hall–Paige group and g ∈ G has order 2. Then the equivalence
class U1 consists of two units Y1 and Y2. A tuple V belongs to the unit Y1 if and only if
Π(V ) ∈ gG′ and V belongs to Y2 if and only if Π(V ) ∈ G
′. The cardinality of each unit Yi
is |G′|nn−1.
Proof. 1. Let G be a Hall–Paige group of order n. By condition (2) of the definition of Hall–Paige
groups, the Cayley table of G has a transversal. In other words, there exists a W-diagonal of type
W for some permutation W ∈ W in the iterated group G[1]. So there are two consecutive units
in U1 containing permutations. But Proposition 4 claims that all permutations are contained in
a single unit. Therefore, the equivalence class U1 has a unique unit.
For every tuple V ∈ U1 it holds Π(V ) ∈ G
′, because, by Proposition 5, Π(V ) ∈ P∞(G) and
the condition (3) in the definition of Hall–Paige groups implies that P (G) = G′ = P∞(G).
We prove that every tuple V with property Π(V ) ∈ G′ belongs to the class U1 by comparing
cardinalities of these sets. It is obvious that the cardinality of the set {V |Π(V ) ∈ G′} is equal to
|G′|nn−1.
Let us estimate the size of the class U1. Consider an arbitrary permutation W ∈ W that
belongs to the equivalence class U1 by Lemma 3. By Proposition 8, the tuple e1(Π(W )) also
belongs to the class U1. Therefore, for every b ∈ P (G) we have e1(b) ∈ U1. Since P (G) = G
′
by Theorem 9, there are at least |G′| different tuples of the form e1(b) in the class U1. Finally,
Proposition 3 implies that the equivalence class U1 contains at least |G
′|nn−1 tuples.
2. Assume now that G is a non-Hall–Paige group of order n. By condition (3) of the
definition of non-Hall–Paige groups, we have that P (G) = gG′ for some g ∈ G of order 2. From
the definition of the equivalence class U1 it follows that every V ∈ U1 can be presented as a
product W1 ∗ · · · ∗Wk for some collection of permutations Wi ∈ W and for some k ∈ N. If k
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is even, then Π(V ) ∈ G′, and Π(V ) ∈ gG′ otherwise. Therefore, the equivalence class U1 has at
least two units Y1 and Y2, containing in sets {V |Π(V ) ∈ gG
′} and {V |Π(V ) ∈ G′} respectively.
But by Lemma 3, the number of units in U1 is not greater than 2.
To prove the equalities Y1 = {V |Π(V ) ∈ gG
′} and Y2 = {V |Π(V ) ∈ G
′}, we compare their
cardinalities by the same way as in the previous clause.
For groups, we are able to describe not only tuples in the equivalence class U1 but all other
equivalence classes and their units.
Lemma 6. Let G be a group of order n and G′ be the commutator subgroup of G.
1. If G is a Hall–Paige group, then each equivalence class Ui contains a single unit and there
are some hi ∈ G such that Ui = {V |Π(V ) ∈ hiG
′}.
2. Assume that G is a non-Hall–Paige group and g ∈ G has order 2. Then each equivalence
class Ui consists of two units Y
i
1 and Y
i
2 and there are some hi ∈ G such that Y
i
1 = {V |Π(V ) ∈
higG
′} and Y i2 = {V |Π(V ) ∈ hiG
′}.
Proof. By Lemma 4, each equivalence class Ui is a right coset of the class U1. Therefore, all
classes Ui have the same size and the same number of units as the equivalence class U1, for which
they were found in Lemma 5.
Consider a tuple V from an equivalence class Ui and assume that Π(V ) belongs to some coset
hiG
′. By the definition of equivalence classes, for every other tuple U from the class Ui there
is some collection of permutations (W1, . . . ,Wd) such that U = V ∗W1 ∗ · · · ∗ Wd. Using the
condition (3) of the definition of Hall–Paige groups, we see that if G is a Hall–Paige group, then
Π(U) belongs to the same coset hiG
′. In the case when G is a non-Hall–Paige group, if d is even
then Π(U) belongs to the coset hiG
′ and if d is odd then Π(U) ∈ higG
′.
The equalities Ui = {V |Π(V ) ∈ hiG
′} for Hall–Paige groups and Y i1 = {V |Π(V ) ∈ higG
′}
and Y i2 = {V |Π(V ) ∈ hiG
′} for non-Hall–Paige groups follow from coincidence between the
cardinalities of these sets.
At last, we are ready to prove the general result on diagonals in iterated groups.
Theorem 11. Let G be a group of order n with the commutator subgroup G′ and let U, V ∈ Inn .
1. Assume that G is a Hall–Paige group.
• If Π(U) and Π(V ) belong to different cosets of G′ then there are no U-diagonals of type
V in all d-iterated groups G[d].
• If Π(U) and Π(V ) belong to the same coset of G′ then there is some d0 such that for all
d ≥ d0 the d-iterated groups G[d] have U-diagonals of type V . The number TU,V (d) of
U-diagonals of type V in G[d] is asymptotically
TU,V (d) =
n!d
|G′|nn−1
· (1 + o(1)).
2. Assume that G is a non-Hall–Paige group and g ∈ G is the unique element of order 2 in G.
• If Π(U) and Π(V ) are not from the union of cosets hG′ ∪ hgG′ for some h ∈ G then
there are no U-diagonals of type V in all d-iterated groups G[d].
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• There is d0 ∈ N such that the following hold. If there is h ∈ G for which Π(U),Π(V ) ∈
hG′, then the d-iterated groups G[d] have U-diagonals of type V for all even d ≥ d0,
and if Π(U) ∈ hG′, Π(V ) ∈ ghG′ for some h ∈ G, then the d-iterated groups G[d] have
U-diagonals of type V for all odd d ≥ d0. Otherwise G[d] has no U-diagonals of type
V . If d has an appropriate parity, then the number TU,V (d) of U-diagonals of type V in
G[d] is asymptotically
TU,V (d) =
n!d
|G′|nn−1
· (1 + o(1)).
Proof. The result follows from Theorem 8, which describes how the number of U -diagonals of
type V is connected with the structure of equivalence classes and units, and from Lemma 6,
where these sets were characterized for groups.
3 Proofs of the main results
We start with a proof of the general theorem on transversals in iterated quasigroups.
Proof of Theorem 4. Recall that a transversal in a multiary quasigroup is a W-diagonal of type
W for some permutation W ∈ W. Given a quasigroup of order n, there are exactly n! possible
types of diagonals that correspond to transversals.
Let us fix some permutation W ∈ W. By Proposition 4 and Lemma 3, the permutations W
and W belong to the same unit of the equivalence class U1 and the period of the class U1 is not
greater than 2. By Proposition 7, if G is a loop then the size of units in the equivalence class U1
is rnn−1, where 1 ≤ r ≤ |G′|.
To count the number ofW-diagonals of typeW in an iterated quasigroup G[d], it only remains
to apply Theorem 8.
Proof of Theorem 3. The proof is similar to the proof of Theorem 4, but instead of Theorem 8
we use Theorem 11.
If G is a Hall–Paige group, then all d-iterated groups have transversals, because, by condition
(2) of the definition of Hall–Paige groups, G[1] has a transversal and, by the proof of Lemma 3,
for each permutation W ∈ W there exists a W -diagonal of type W in G[2].
At last, we prove a similar result for near transversals.
Proof of Theorem 5. In our terms, a near transversal in a quasigroup of order n is an arbitrary
W-diagonal of type Wi(b), where W ∈ W is a permutation and i, b ∈ In.
By Proposition 3, for every permutation W ∈ W and i ∈ In the number of tuples from the
set W ∗i in each unit of the class U1 is equal to some r ≥ 1. It means that there is d0 ∈ N such
that for all d ≥ d0 all d-iterated quasigroups G[d] have near transversals.
If the Brualdi’s conjecture is true, then for all quasigroups G there is a W-diagonal of type
Wi(b) in G[1]. Using Lemma 3, we have that in this case all d-iterated quasigroups have near
transversals. For groups, the Brualdi’s conjecture is true by the result of [8].
Assume that a tuple Wi(b), W ∈ W, belongs to unit Y of the equivalence class U1. If the
tuple Wi(b) coincides with the permutation W , then, by Proposition 4, the unit Y contains
all n! permutations from W. If the tuple Wi(b) is not a permutation, then Proposition 4 and
permutations of coordinates of the tuple Wi(b) give
n
2
n! different tuples in the unit Y .
Therefore, if a unit Y of the equivalence class U1 contains permutations then there are exactly
(n
2
(r−1)+1)n! tuples of the form Wi(b) in Y , otherwise, the number of such tuples in Y is
n
2
rn!.
The resulting asymptotic of the number of near transversals follows from Theorems 8 and 11.
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4 Concluding remarks
There are many ways to extend the described technique. First of all, in one of our subsequent
papers we are going to consider diagonals in a general composition of multiary quasigroups and
connect them with the permanents and contractions of multidimensional matrices. In particular,
we study the composition not only of quasigroups and latin hypercubes but other stochastic
multidimensional arrays.
Another direction of the future work is finding explicit formulas for the numbers of transversals
and diagonals of other types in some iterated quasigroups of small orders or arity.
At last, in paper [17], the author estimated the asymptotic numbers of partial diagonals,
plexes, and multiplexes in iterated quasigroups. Using the methods of the present paper, these
bounds can be significantly refined. Moreover, it is possible to generalize our approach to other
structures in latin hypercubes, for example, to subcubes or trades.
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